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1. Introduction

~
• ,~ The biirariate Farlie- be1-ibr~enstem (EG i) distrib~tion has joint
I ~ c~~u1ative distribution ftuiction (cdf)

- .  

F12(x1~x2) = F1(x1)F2(x2){1 + ctS1(x1)S2(x2)} (1)

(uith H � ~ )

where F~ (x4) is the cdf of X~ (j=1 ,2) and S~(x~) = 1 - F~(x~) is the

survival distribution function (sdf) of ~.1
4 In~Johnson an~ Kotz (1976) ~e discussed certain ge:ieralizations of (1) .

~?otivated by some remarks of Farlie (1950), we suggested re~i1acing the

product 51(x1)S2(x2) (which would ~e ~~ joint sdf of and

they were i .l~~
;endent) in (1) ~ ~~~ jci~t sdf of another bivariate PG.

- 

distribution s namely

~12 (x 1,x2) = 51(x1)52(x2){1 + ct1F1(~1)F 2 (x2) } (2)

with � 1.
I

This ‘rocedure can be iterated in various wa-Ts . In particular , we can

~~~~~~ F1(x1)F2 (x ,) in (2) by the FG~ type -iistriL~tion

F~~~(x1,x,) = F1(x1)F~(x 2){1 + a2S1(x1)~2(x2)). (3)

• () f  course ~~~ r~i~ht itself Le ~~~~ ~~ form of a first stage iterate

- F~i:! distribution , like (2) but here we will restrict o~rse1ves to the

relatively si~p1e form ( 3 ) . )
~ 

~ur~ose of introducing these iterateri ~enera1izations of bivariate

• d-~ 1is~~i~~cio:is was to check if one could remedy a defect of bivariate

- -  -~~~~~- - • ~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~-~~~~~~~~~~~~~~~~~~~~~~~~~~~
. •-~~
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F~fl distributions — nai~ ly. the relativ.dy low correlation coefficients

- t~iat can be attained with such distributions ,

- For FG distribu~ions with normal ~ar~ita1s the correlacicii coefficient

is c~Tr~~ , and , since Ic~J � 1., this i ’~e~r s tha~ th~ a,soiute nagnitude

of the correlation cceffici~nc cannot exc~ed (= 0.32 approx.)

• In the present iio~e we fin~.! that iterations of tie ~c.ind described

I above cannot increase the maxirium ~ossible ch~ end~nce (as reasured by an

I ~ 
• in-]eX s:~gj~ested by Schweizer and ~!olff (1976 )) , between the variables by

rDre th~~ a~)out 0.12 , no flatter how ~~~~~ iterations are perforred. ~e

therefore investj~ate a fe~-~ other no’lifications of bivariate ~(i! distriLu-

tions which .irht increase dependence ~io-~e substantially, h~t we fi~~. that

- 

• necessary restrictions on the values of tie a’s are such as to seriously

1i-it the ‘ossibilities.

2. ~c e i  ~ ~o1fV s c~ s~ire of ~ep~nti~~ce

The r:ieasure of de~endence introduced by Schweizer ‘~ biff (1976) is

essentially (f o r continuous joint distrioutions) , the e:~ieat&~ value of

• 
•
• 

l 2 I F 12 (:-:~~:~ ) - F1(X1)F1(x ,) I  (4)

(or, enuivalently, of
•

- 

l2~S12( X1,Y )) S1(~1)52(~2 ) J  ) •  ( 4 ’)

eLo~1~Lr . this by the s~~io1 (a~)~. ~. it is clear th::c it is unchanged

by ~ry m~~notonic transformation is a:.~)1iecL to ei~ ier (or both) of the variables

X1 ,X2 . In particular we can suppose t u t  such trnnsformat ions have been 
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applied to :‘roduce variables X1, X~, w~icr~ are each uniformly distr ibuted

between () and 1. Then

= 12 
~ J 1F12(x1,x1) - x~x~~dx ,dx2 . (5)• ‘1’2 0 0

~ : If and X 2 are mutually iniiepen: ent , (clu),, .~. = 0. The maximum

possible value of (aw) X ~ 
is 1, arid this is attained when , with proba-• l’~ 2

blilty 1, X1 and are ucr~otonlc fuiictions of eacn other

~en and are each unifor~1y distributed over (O ; 1) ,  if

an:i are each jronotonic functions of the other then we must have

~dther 
~1 ’~2 or A1

_ 1 _ i~2 . )

Ta will use this measure of demendence in our studies , rather than

the bctter -~a~own ; ‘ean square contingency. This is ruite closely related

to ~uo Pc~ -ieizer-~olff index,(see Sectic~ 5)— but the comparisons using

it are not so clearcut as usinr’ the latter measure.

3. Leee~i~~ice in ~enera1izei •H1strihu~ior.s

If t ~e iiar~jnal distributions are each ~.uiform over (3,1) the~ the

~~ C~if (1) is

x1x2{l +

and

= 12~al J J x1(1-x1) x2(~ -x~)b~1~x-,

-, 1 1 ~ 1= LIaJ (-— - 

~) (~
)

This is o~ course the value of (aw)~ for ~~~~~~~ contiiiuoas F’T distribution

‘aj ;:.:~ ch~ (1).

~ ~~~~~~ ~~~~ Ls~ J~

ilL .i • 
--
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For the once iterated FG~ distribution with ~uifo~~ (0,1) marFir~al

-: distributions we have

F11(x1~
,x2) = ~1A 2~ 1 + e(!-x1.J (l-x 2){l + ct1x1 x2

} (7)

whence

~r’z 
= 12 f ’ f 1 

fa~1 (l-x1):z~(l-~~) + aa, z~ (i-x 1)x~ (l-x 1)~~~z1dx2

For ~iven numericel valu:-s of cx, cz1 we will get the largest value fcr

(a
~
u) ,, ., by having ct , a1 of the sate sip~i. Taking: a>O arid a1 > Ctt14~2

‘-ía obtain

= l2{a(•~~- 
1)2 ct1(~~ 

1)2’
J 

~~~~~~~~~~~~~~ 
=~~(1 

~~~~~~~~~~~~~~ 
(~)

Simil:.rly, we find for the twice iterated FGh distribution , with

a � 0 , ct1 �0 , ct2 �0

= + -l
~
•
~~~ 

+ 7~~ lct2 . (9)

~eneraily for the r-th iterated. i~~ distribution with no ne~a~ive

ct ’s
r

(ctw) .. = 12 ~f2

where = a
• •

U a ( j�2)

i=1 i
an~

({n( ~l~. 
~~~ 

}2 -Sor j  odd
a~ = t { 3 (

~-~
.
~

; j~j) }2 ,.
~ j even 

(11)

where !3(i,j) is the Beta funct ion .L,

- 
~ ~~~~~ ~..L ‘N~
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Since 0 � c z ~~�cç 1 � .. .  ~~ct~~= c t , it fo1lo%,s tha t

• (aw)~, ~ � l2cz ~ a~ < 12a ~j=l ~ j=1 ~
and so

(c,w)7 � lZa ~ C{b(i,h)}2 + {h (h +l , ~ ) } 2.?

h=2

= l5a ~ {~ (h,h) }’ (12)
h=2

(since 2 (h÷l , h) = ½J3(h ,h) ).

~ {~~Cthi) } 2 = 6 2 
+ 30~2 

+ 140 2 
+ ~3Q -2 

+

-2 -2 -2 -2 -~‘ -~L<6 +30 + 143 + 633 (l+4~~ +~ + • • • )

< 0.029 (13)

d:in 50

(
~

w)x3 x~ < 15 J .3 2 9 a  = O.435a (14)

howev~r uany iterations are esed.

This stows that iterations of ‘;h~ lda~d clcscrihei in Section 1 cannot

increase the measure of dependence (ow) . - •~ above 0.435.

The reason for the low u nit on the reasure of ~en~ence is in t e

rauid decrease of L(h)h) as h increases. ~ natural way to avoid this

~rouj ~. be to use distributions of for-

(s~l• F17(x 1,x2 ) = F1(x1)F2(x2)~l + a{3
1

(:-~~)} {S1(~~2))  1

with 0 < < 1 (j = 1,2). ~~fortun -~~-ly -ch~s is not r,ro~er distributio~.

function for any absolutely continuous marginal s F1 (x1) ,  F2 (x2) .  t 7 e have
2 -(l-~ )

_ _ _ _ _ _  = f1(x1):F2(x2) ~‘ + f3~ (x3
)} ~ {]. - (l÷~.)F~ (x1 ) } .~.

L~. - - - • —- -
~

••- - •
~~~
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~~~‘ choosing 
~~ ~~ 

-
~:~~~ (1 + ~1)P(~~) > ~~ 

5,) 
~~~~~~~~~ ~7 (x) is

• s~~ €icie~tly s:~~~i ~~ ~ai:~- h~o ~~ ~~~~~~ r.. sc-~ ’~r~ hrac -~~s :;e~~ :ive ..

(~~~ce ~~(1c, ) < 3 .  ~~~~~ > ‘~~~ ~~~~• ~l:~~ s ~~~ sc~ :~~t

> ~ and ~-~(:.~) > ~ .)

o~e o~ner uouificscio~.s biv~r in:.~ F -~ i~~~i~:’~icns --ire disc ’ss~~

i-:~ :.e::~ ctb~i , ~c ::h s :~ciai r’~f3re: 1c~ ~o - o cs~:lc~ L~cfeas-;s in ~ •‘~n-

~~~~~ ~~~~~~ -~~ t :r~ i ized i ~--:ri i -~:~
T.~e d- ilc, ‘i:~- ex~~ 3ie s~o -~s ~~~~~~~~~~~~~ iC~-~ -:he s~n-~ction~ on

of ~~e ct ’s ~ilitates a~ iius c reaiiaacic- ~ ~~~~~~~~ ~~~~~~~~~~~~ 
j
~- •

• - r

~~ ~~~~~ ~er a •:~~iiJ r)~ •~is :rih-x ~io:~s e’- : .~~.~ ~~~
‘ ~~~~~~~ (1) witi

• r~~~~cei a~u

~l 2 ~~ 2~ hy F 1(;:1 ) F ; , (x ~) {i + ct1•~~(:-:1Y~~(•~~) 
}

and (x1)~~, (b;) ~y 
~~~~~~ 

(:~;.) {
~ + ~~~1(;::)P: (:.j }.

~~~ r - ~~~
-,— ’ j y -  so that each :~~r i~-~ •~~ c - i - ’ -tiou is :~~ f c~r~ over (-~~1)

~“e ~~-ve

• 
~~~~~~~~~~~~~~~~~ 

= 
~~~~~~~~ 

+ ct1( 1 X 1) (1-i:,) {
~ + .-~~~ -:~~ )  (~ -:~~) (1 + ct~~~~ ::,) }

(
~ 

< n~- <  1, j 1 ;2). (15)

~~ ::e

(~w :-: , 12 f 1 J (a+ct ). :Ji~~- )  (~~::2 ) +

L - .
-

• + a z ~~~ 1-;’,)(1~- ; )  + acx 1ct :) ; . ( ~. -z 1) ~(1-::))~~~~.c~x .

~

• • -~~~~~~~
--~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~
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If all ct’s are nonne:ative then

= ~ (c~ + a1) + (Ct, + a2 ) + ~~~c 1a2 . (15)

If we only needed the conditions lc~l � 1, Jct~j  � 1 , fa2 J � 1 then it

wou1-~ a~~ear that we cou1--~ ~et values of (0w)-- ~ ~s ~ienr to - 

-

-~~~ + ~~
. + = O.L 4 ~ as desired.

.J 0 lj.)

:-~owever , the a ’s must be such that

____  = I + (ct+ct 1)( 1-2x1)(l -2 x2) + c~ct1(1-x1)(i-3x1)(l- 8)(1-~x~)

+ -j  2-3x2) + 4ctct1a2x1(l-x..)(i-2~~x2( 1-n 2)( 1-2” 2) � 0 (17)

for ~z1, x2 with U � x1 ~ 1, 0 ~ � 1.

Thittin~ ~i 
= ~~~ 

~~2 ~ gives

I:i’~ i’~ilios t.iat

(ow),- - . � + ~~a(1 + a2 a) +

� + ~~ c~~~-~ ) +

� 0 . 417 for 0 � � 1. (13)

T~ie ~io’~lified F;~~ fanily ~tC~~i~~~~

~12(x1,x2) = F1(x1)F2 (x2)~1 + a uin (S1 (x1), S2(x2))j (in)

or ec~iiví~iently
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F12( x1,x2) = F1(x1)F1(x 2)[1 + a~~ - 
~ax-(F1~x,),F2(x2))}] (19) ’

has a somewhat larger value of ( o t ) - ~~ . i-~e :~ave

(ow) ~ ~ = 12 a J j x1x7{1 
- max(x ~x )}th~ dx

• - ‘l’2 0 0
1

= 12 a x 2  
~

‘ 

~~~~ 

x1x2(l-x,)dx1dx2

= 12 a J x~(1-x2)dx
0

= 0.ôct . (20)

This is considerably larger (if a>0 ) than the values so far obtained,

but it still cannot exceed 0.6.

3. Conparison with de~ i Cont i~iqency

The rcean contingency (as defined by R~nyi - (1970, p. 232) ) for an

absolutely continuous distribution with standard uniform marginal distribu-

tion is

• 

= f 1 Ii 1f 12 (x1~x2)) 2dx1±c2 - 1 (21)

• • where f12 = -

~~ a is the joint probability density function of h~. ~uix1 x2 I

X2 .
• Table 1 s~.uiiiarizes values of (aw)~ ~ 

and the corresponding values

of ~~~~~ ~, , for the distributions discussed in this note.
A
1”.7 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —•~~
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- 2TMLE 1 Comparison o~ (ow) 
~ 

anu c~, -~~_______ ________— 

l”2

~~ Value of (Ow).. 
~ 

Corres~ondir~ value
A1 ,

from eo. value of ~~~~~.x x
(6)

• 1 1  1 1 4 2 2(
~) .

~{l+~~,)a

1 1 1 “ 2 2  2~~~ ‘ 2 ’(9) 4a+~ aa1+~~ cx1cx 2
— 1(16) ~(a+a1)+~~~(a1+a2)+~~ a1a2 -~

.{(a+a ) +-~~(a+a1)(a1+a7)+~~ (a1+a2)

L i  2 1 2
~~

- 

~
. + � -(ct+cti)aa a2+

~~~ a1a2 (a1+a2+1)

• + .%~
2ct2ct 2 }

Ta note that for (c. )

(ciw),~ .., =

~<i1t2 l~~2

• and for (3)
2 — 2 1 3 2 2(ou) )~ - 

fl ~jj)Ct 
~

and for (9), approximately

(0W)
~~ X - 

1200 ~~‘ + ~~2)2 + 

—~~~-- -- •- - - --—“-—--,-— - - -.— -. ---—~~~~~~~ • --.
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